When the spontaneous symmetry breaking occurs for systems without Lorentz covariance, there arises possible mismatch, NNG < NBG, between numbers of Nambu-Goldstone (NG) bosons (NNG) and the numbers of broken generators (NBG). In such a situation, so-called type-II NG bosons emerge. We study how the gauge bosons acquire masses through the Higgs mechanism under this mismatch by employing gauge theories with complex scalar field at finite chemical potential and by enforcing "charge" neutrality. To separate the physical spectra from unphysical ones, the R ξ gauge is adopted. Not only massless NG bosons but also massive scalar bosons generated by the chemical potential are absorbed into spatial components of the gauge bosons. Although the chemical potential induces a non-trivial mixings among the scalar bosons and temporal components of the gauge bosons, it does not affect the structure of the physical spectra, so that the total number of physical modes is not modified even for NNG < NBG.
INTRODUCTION
The spontaneous symmetry breaking (SSB) and the Higgs mechanism are the two key concepts in both elementary particle physics and condensed matter physics. One of the most important aspects of SSB is the appearance of massless Nambu-Goldstone (NG) bosons [1, 2] : In particular, for systems with Lorentz covariance, the number of NG bosons, N NG , is equal to the number of broken generators, N BG , of the symmetry group under consideration [3] . If the symmetry is local, these NG bosons are absorbed into the gauge bosons and disappear from the physical spectra [4] . However, for the system without Lorentz covariance, there arise situations with N NG = N BG : A well-known example is the Heisenberg ferromagnet where there is only one NG magnon while the number of broken generator associated with O(3)→O(2) is two, i.e. N NG < N BG (see e.g. [5] ). This is in contrast to the Heisenberg antiferromagnet which shows the same symmetry breaking pattern but has two magnons, i.e. N NG = N BG (See TABLE I).
It was realized by Nielsen and Chadha [6] that such a mismatch between N NG and N BG as the ferromagnet is related to the dispersion relation of the NG bosons. By introducing type-I and type-II NG bosons according to whether the dispersion relation is proportional to odd and even powers of momentum in the long wavelengths, they have shown an inequality, N I + 2 × N II ≥ N BG where N I (N II ) is the total numbers of type-I (type-II) NG bosons. The magnon in the antiferromagnet (ferromagnet) is type-I (type-II), in this classification. The kaon condensation in the color-flavor-locked (CFL) phase of high density quantum chromodynamics (QCD) shows another example of this mismatch. It is a relativistic system with Lorentz covariance explicitly broken by chemical potential and has both type-I and type-II NG bosons [7] (See also, [8] ). An important role of the commutation relations among broken generators for the emergence of the type-II NG bosons was also realized in this context as reviewed in Ref. [9] .
A natural question to ask in the presence of local gauge symmetry is the fate of the gauge bosons and Higgs mechanism with type-II NG bosons. For systems with N NG = N I = N BG , the number of massive gauge bosons (except for the spin degrees of freedom) due to Higgs mechanism is equal to the number of broken generators. On the other hand, for the systems with N NG < N BG , it is not entirely obvious how the Higgs mechanism works and what would remain in the physical spectra at low energies. In this paper, we study the Higgs mechanism with type-II NG bosons in relativistic systems that Lorentz covariance is explicitly broken by chemical potential. In our analysis, we employ gauge theories with complex scalar field at finite chemical potential such as gauged SU(2) model, Glashow-Weinberg-Salam type gauged U(2) model, and gauged SU(3) model, which are known to have both type-I and type-II NG bosons if gauge couplings are absent. To ensure the non-Abelian charge neutrality of the system, we introduce non-Abelian external sources according to [10] . Then, we derive explicitly the mass spectra of the scalar bosons and gauge bosons in the tree level. To separate physical spectra from unphysical ones clearly, we adopt the R ξ gauge with the gauge parameter taken as infinity at the end. This paper is organized as follows. In Sec. II, we briefly review NG boson spectra at finite chemical potential by taking the U(2) model of complex scalar fields. In Sec. III, we delineate how the Higgs mechanism including the type-II NG bosons works through this model by gauging the SU(2) symmetry. The Glashow-Weinberg-Salam type gauged U(2) model is also studied. In Sec. IV, we discuss U(3) model with its SU(3) part gauged as a toy model for the two-flavor color superconductivity (2SC) in dense QCD. In all these models, we introduce the chemical potential for U(1) (hyper) charge. Section V is devoted to summary and concluding remarks. In Appendix, we make a detailed comparison of the results of Higgs mechanism at finite chemical potential with and without the background charge density by taking the gauged SU(2) model as an example.
II. TYPE-II NG BOSONS IN U(2) MODEL
Let us first review the NG boson spectra at finite chemical potential through the U(2) model of complex scalar fields. It was originally introduced as a model for kaon condensation in the color-flavor-locked (CFL) phase of high density QCD [7] . The Lagrangian of the U(2) model is given by
with m 2 and λ being positive, and φ = (φ 1 , φ 2 ) t denoting 2-component complex scalar field. Equation 
(see Appendix for details).
Quadratic part of the Lagrangian for the fluctuation fields reads
with a notation,
Then the equations of motion for ψ and χ a are given by
Solving these equations in momentum space leads to the dispersion relations:
where m ψ ≡ 6µ 2 + 2m 2 . These dispersion relations are shown in Fig. 1 . From the mixing between ψ and χ 3 induced by the chemical potential µ, one massive mode ψ ′ and one massless mode χ ′ 3 arise. The latter is the type-I NG boson whose energy is proportional to p. On the other hand, from the mixing between χ 1 and χ 2 induced by µ, one massive mode χ arise. The latter is the type-II NG boson whose energy is proportional to p 2 in the low-momentum limit. Although we have N NG = 2 which is smaller than N BG = 3, the Nielsen-Chadha relation is satisfied as an equality:
III. GAUGED SU(2) MODEL AT FINITE µ
In this section, by gauging the SU(2) part of the U(2) model introduced in the previous section, we discuss the 
where
a with g and τ a (a = 1, 2, 3) being the gauge coupling and SU(2) generators, respectively. j a ν = j a 0 δ ν0 is a background non-Abelian charge density to ensure the charge neutrality [10] .
We take the same parametrization as Eq. (2) for the scalar fields and adopt the gauge condition (the R ξ gauge),
(µ 2 + m 2 )/λ and α being the gauge parameter. The chemical potential µ is embedded in F a implicitly through M . An advantage of taking the R ξ gauge is that one can clearly separate the physical and unphysical degrees of freedom; masses of unphysical particles go to infinity and decouple from physical particles in the limit α → ∞. As we see shortly, this is particularly useful to analyze the situation with new mixing terms induced by the chemical potential.
With the above gauge condition, the quadratic part of the Lagrangian with the ghost fields (c a andc a ) reads
The first three lines in Eq. (11) and the scalar fields (χ a and ψ) mix with each other through the chemical potential. Therefore, it is important to check how the mixing affects the physical and unphysical spectra of the system. For this purpose, we take p = 0 and examine the equations of motion obtained from Eq. (11),
Equation (12) in the off-diagonal terms (which is justified for large α), one can solve det M 1 = 0 and obtain
This result shows that both χ 1,2 and A 
This shows that A ν=0 3
and χ 3 decouple from physical particles due to their large masses of O( √ α), while ψ remains as a physical particle with a mass not modified at all by the mixing due to µ. Taken together, there arise six unphysical modes: not only the type-I and type-II NG bosons (χ The mixing term induced by µ in the Glashow-WeinbergSalam model reads
). We impose both Abelian and non-Abelian charge neutralities by introducing the U Y (1) background charge density (g ′ B µ j µ ) and the SU(2) background charge density (gA µ a j a µ ). They have a role to cancel out the tadpole term of gauge field, −µM Z vZ ν=0 . Comparing these with Eq. (11), the only modification is the effect of g ′ , which leads the χ ′ 3 mass to be √ αM Z .
Physical mass spectra are essentially the same as FIG. 2 with an addition of massless photon field.
IV. GAUGED SU(3) MODEL AT FINITE µ
In this section, we discuss the Higgs mechanism in the gauged SU(3) model at finite µ whose Lagrangian is given by the same form as Eq. (9) with φ replaced by a 3-component complex scalar field and τ a replaced by the SU(3) generators. If we interpret φ as colored diquarks, the SU(3) gauge fields as gluons and the background source gj a µ A µ a as a contribution from unpaired quarks, this Lagrangian may be considered as a toy model for the two-flavor color superconductivity (2SC) in dense QCD [12] . This explains the physical meaning of the nonAbelian background charge density we have introduced.
Let us parametrize φ as
By adopting the R ξ gauge and choosing the background charge as gj
a8 to maintain neutrality, the mixing term induced by µ in the quadratic part of the Lagrangian becomes
).
If the gauge coupling g is zero, there arise three massive scalar bosons ψ ′ and χ (2) case at p = 0,
By applying the same argument as given in Eq. (12), χ 4,5,6,7,8 and A (µ 2 + m 2 )/λ and the scalar mode ψ ′ with a mass m ψ = 6µ 2 + 2m 2 remain as physical particles. Total physical degrees of freedom in this case (=16) are conserved regardless of the Higgs mechanism at finite µ.
V. SUMMARY AND CONCLUSIONS
In this paper, we studied how the Higgs mechanism with type-II NG bosons works at finite chemical potential µ by imposing the Abelian and non-Abelian charge neutrality. We adopt a relativistic U(2) model of two component scalar field which exhibits both type-I and type-II NG bosons due to the mixing term induced by the chemical potential. By gauging the SU(2) part of this model and adopting the R ξ gauge, we examined the physical and unphysical modes of the system. The result is schematically shown in FIG. 2: The type-I NG boson, the type-II NG boson, and one of the massive scalar boson which was a type-I NG boson at µ = 0 are absorbed in the gauge bosons to create a gauge boson mass M = g 2 (µ 2 + m 2 )/λ. The mass of the Higgs scalar was found to receive no effect despite that it mixes with the gauge boson and the type-I NG boson due to chemical potential. As a result, total physical degrees of freedom are conserved regardless of the Higgs mechanism at finite µ.
We applied the above analysis to the the gauged U(2) model (Glashow-Weinberg-Salam type model) and the gauged SU(3) model (a toy model for the 2SC in dense QCD) at finite µ. Essential features were found to be the same as those in the gauged SU(2) model. Generalization to the U(N ) model with the SSB pattern U(N )→U(N − 1), which has one type-I NG boson and N − 1 type-II NG bosons, is rather straightforward. In this paper, we analyzed Higgs mechanism with type-II NG bosons in relativistic systems that Lorentz covariance is explicitly broken by chemical potential. It will be an interesting future problem to extend the present analysis for intrinsically nonrelativistic systems with type-II NG bosons such as Heisenberg ferromagnet. following ref. [10] . The Lagrangian density is given by
µ with g ′ being the U(1) gauge coupling. Let us determine the ground state of the system without the background charge density. (The gauge fixing condition such as the R ξ gauge does not affect the conclusion.) The equations of motion for scalar field φ and gauge boson A µ are
. By solving the above equations in the mean field approximation, and denoting the ground state expectation value of the scalar field as φ = φ 0 / √ 2 = const. = 0, we have A ν=i = 0 and
Thus we obtain
Expanding the fields around the minimums, φ = (φ 0 + ψ + iχ)/ √ 2, A ν = A ν + A ν , the quadratic part of the Lagrangian becomes
with
We find that the chemical potential µ disappears from L 0 . This unphysical situation is due to the absence of the background charge density g ′ j µ A µ [10] . Introducing the background charge density to Eq. (22), the mean-field equations (25) and (26) are modified as
with v defined by φ ≡ v/ √ 2. We thus find that
The quadratic part of the Lagrangian for the fluctuation fields ψ, χ and A(= A) reads
The total charge density of the system is the sum of condensation charge and the background charge which cancel with each other:
The masses of the fluctuation fields (15) and (16) are obtained from L 0 by employing the R ξ gauge. We note that these masses approach smoothly to those in (7) by taking the limit, g ′ → 0. Now let us generalize the above discussion to the gauged SU(2) model. We first study the model without the background charge density following [11] . In this case, the Lagrangian is given by (9) without the term gj 
Solving the above equations in the mean field approximation with φ = (0, φ 0 / √ 2), we have 
